INSTABILITY OF THE EQUILIBRIUM OF FLUIDS

V. A. Vliadimirov UDC 532.5

This paper examines the problem of inversion of the Lagrange theorem in hydrcdynamics.
The essence of the problem is proving the instability of the position of equilibrium {(rest)
of a mechanical system in the absence of a potential energy minimum in the system [1-4].
Linear problems of stability of the equilibrium of ideal incompressible and compressible
fluids are examined, and allowance is made for factors such as capillarity, density or en-
tropy stratification, and rotation. The result consists of a priori estimates of the solu-
tions of these problems which provide evidence of the growth over time of the functional
M — the mean square of the Lagrangian displacements of the fluid particles. The character
of the increase in M is exponential, with an increment which is simply calculated from the
initial data of the problem. To illustrate the degree of generality of the approach being
used, we make an estimate.of the increase in M in a problem concerning the stability of the
equilibrium of an anisotropic elastic body.

The proposed method of obtaining results on instability is a variant of the direct method
of Lyapunov. The principle difficulty of the latter is finding the specific form of the
Lyapunov functional — which increases by virtue of the equations of motion of the system.

The functional M used in the present study was introduced in [4] for problems concerning
the stability of bodies with fluid-containing cavities and for elastic bodies in [5,
6]. The authors of [4-6] obtained the estimate dM/dt > ct with the constant ¢ > 0.

1. Ideal Incompressible Stratified Capillary Fluid. We are examining three-dimension-
al motions of an ideal incompressible fluid of nonuniform density. The motions take place
in an external body-force field. The fluid as a whole occupies the region 1T with a fixed
boundary dt. The fluid surface TI' divided the region T into two parts: 1t and t”. In each
of these parts, the field of density p is continuous, while on I itself there is a density
discontinuity [p] = p* — p~. Motion in the region t¥ is described by the equations
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Phu = — = PG Do =0 5t =0, D= +uy L, (1.1)
where x= (x;, X,, X3) are Cartesian coordinates; u = (u,, u,, uy) and p are the velocity
and pressure fields; the signs % of the sought functions will be dropped; ¢ = &(x) is the
potential of the external field of body forces. Summation is performed over repeating vec-
tor indices. The following impermeability condition is imposed on 3t:

u-n =0 (1.2)

(n is an external normal to 3t). On the fluid surface I', given by the equation F(x, t) = 0,
the following kinematic and dynamic conditions are satisfied:

dFjdt = 0, [pl=p* —p~ = —olk;, + k). (1.3)

Here, o is the constant value of surface tension; k; and k, are the curvatures of the prin-
cipal normal sections of the surface I' (each of which is assumed to be positive if the cor-
responding normal section is convex in the direction of the region tt). On the line y of
intersection of the surfaces 8t and T, we impose the Dupre-Young condition [4, 7]

geosa = g~ — g* (1.4)

where o is the contact angle; ¢~ and ot are the constant values of surface tension on 3tt
and 3t~., We use 31% to designate those parts on which the curve y divides the solid sur-
face 3t. The initial data for (1.1)-(1.4) is given in the form

p(x. 0) = p%x), u{x, 0) = u’(x), F(x, 0) = Fo(x) (1.5)
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with obvious restrictions on the functions u’(x) and F%() All of the functions used here
are assumed tp be continuous, as arg their derlvatlves in the equatlons of motion and the
boundary conditions. Energy is conserved in the solutions of problem (1.1)-(1.5)

dE/dt = 0, E, = K, + I = const,
2K, = g pudt, dtv=dz dr,dx,,
v ‘ (1.6)
M= { p®dv + o| T+ ot|av* | + 07| 877

T
(|r]| and |dt¥| are the areas of the corresponding surfaces).

The states of hydrostatic equilibrium are the solutions of problem (1.1)-(1.5) in the
form

=0, p=0,(x), p= p,(x),
Vpy = —p, YO, Vo, X VO =0 in 75,

[po] = —olky + k), [po] # 0 on T, (1.7)

(T, is the egulllbrlum surface of the density discontinuity separating the region t into
the parts 1,4~

Linearization of the relations of problem (1.1)-(1.5) for solution (1.7) gives

9p P
Bothir = — 5~ — Py
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pt+‘uk56' 0, ;;'==0
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(1.8)

. Plod e 1 on Iy,
[p] = o (aN — AN), aEL(g—]%;fﬁt¥~]f§ 0

on Yo, u:n=90 on g1,

Here, u, p, and p are flelds of perturbations of velocity, pressure, and density, with the
signs t and primes [distinguishing the perturbat1on fields from the complete solutions (1.1)1]
omitted; v is a unit normal to I'y, directed from T4 to T_; BQ/BV = voy®; N is the displace-~
ment of the fluid surface I' along the normal to Tys A is Beltraml s second differential param-
eter [8, p. 190]; k and k are the curvatures of the normal sections of the surface T, and

31 along the directions e and e, ; the unit vectors e and €, in turn, are normal to the unper-
turbed position of the wetting line Yy, and lie in planes tangent to the surfaces Ty (in the
direction from I'y) and to 8t (in the direction from 37T, *), respectively; dN/de is the deriva-

tive of N in the direction e. When p,* = comst,.p,” = 0, Egs. (1.8) coincide with the rela-
tions presented in [7]. 1In a linear approximation, 1n1tlal data (1.5) reduces to the form
p(x, 0) = p'x), u(x, 0) = u’(x), N(x, 0) = N°x). (1.9)

The following analog of the energy 1ntegral is valid for solutions of initial boundary-value
problem (1.8)-(1. 9)

F=K-l=const, ll=M, + Ho,
2K = 5 pouiui"dyr, 2Hp = — ‘sl (1)' (po) psz, (1 . 10)
T

T
Ey {aN? 4 v (N, N)} dS + 5‘ yvV3dl,
r v(l

in which V(N, N) is Beltrami's first differential parameter [8]; the derivatives &'(p,) =
de/dp, = VQVVPQ has the meaning in the regions Toi by virtue of equilibrium conditions (1.7)
if vp, = 0. By the integral over T in (1.10) we mean the sum of the integrals over To+ and

T,”. It should be noted that the expression for II; coincides with that presented in {7, 9, 10].
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If Vp, = 0 somewhere in t,%, then the functional M, in (1.10) loses meaning. To exclude

the singularity that would occur in this case in the integrand, we must restrict ourselves

to examining a narrower class of motions in which the perturbations of fluid-particle den-
sity (the Lagrangian of the density perturbation) are equal to zero. In other words, the
density of each fluid particle does not change during perturbations. The perturbations con-
sist only of displacements of the particles from the equilibrium position. This class of
motions is most simply described by means of the Lagrangian displacements E(x, t) [11], for
which the following relations are satisfied:

q=u divg=0, p=— (& y)p, inTi,
N =% [Ev]=0onT, {1.11)
En =20 on gr.

A1l of the equalities (1.8) in the terms { are rewritten in an obvious manner. The initial
data (1.9) are replaced for (1.8), (1.11) by the following:

&(x, 0) = B(x), u(x, 0) = &(x, 0) = u’(x). (1.12)

The functional Hp from (1.10) for this class of motions takes the form

6(1) ap[) P _ re
211, = jgza—x;gigklr = J(!bz\ dt,

oy : (1.13)
= —V0, VD, N, =& -vO/|yD|,

while the functionals K and 14 (1.10) remain as before.

If the condition I 2 0 is satisfied for all fields &, then stability by the linear ap-
proximation follows from the equality E(t) = E(0) (1.10). In this approach, it is necessary
to determine stability in regard to some of the variables [12]. The reason for this is that
E includes only the components of the displacements N, N;, and v xy/V, not the complete vec-
tor §. For an ideal fluid, no results have yet been obtained on stability in the norm of

any definite function space &(x).

Confirmation of the stability of state (1.7) at I 2 0 comes from one of the forms of
the Lagrangian theorem {1-7] which links the fact of the stability of the state of rest with
the presence of a potential energy minimum in this state. Indeed, as in [4, 7, 9, 10], it
can be shown that the second variation §°lI; of potential energy (1.6), written in the approp-
riate notation, coincides with the functional I (1.10), (1.13). Here, 8II; = 0 by virtue
of equilibrium conditions (1.7). Simultaneously with stability (1.7), by the linear approxi-
mation we can alsc expect nonlinear stability. However, its determination reguires special
definitions and proofs [1, 4, 7, 13-15].

2. Direct Lyapunov Method in the Proof of Instability. The goal of the subsequent
exposition is to obtain an inversion of the Lagrangian theorem, i.e., to prove the instabil-
ity of the state of equilibrium (1.7) in the absence of a minimum of potential energy I,
(1.6) or m (1.10), (1.13) in this state. In terms of Lagrangian displacements £, this means
that there exists a field & = g*(x) for which

=II* << 0 at & = g*(x). (2.1}

For other fields §(x), inequality (2.1) can be replaced by its opposite, i.e., state (1.7)

is an infinite-dimensional analog of the "saddle" point of functionals 1, and H. Condition
(2.1) is satisfied if I, < 0 and (or) Iy < 0 (1.10), (1.13). The inequality I, < 0 means
that the density p, increases "upward" somewhere in 1 (yp,-y® > 0), while Iy < 0 reflects

the more complex balance of the effects of surface tension and the density discontinuity

on I'y. As is known [7], even in a situation where a heavier fluid is "on top" ([p,]vv® <
0), the functional Ii; can be positively determined. Conversely, it is possible to have cases

in which the heavy fluid is below [p,]v'y® > 0]. For this case, we have perturbations with
Iy < 0.

To demonstrate instability, we introduce the functionals
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M= [p&tdr, W=nMz2=|putdr, (2.2)
T

T

where the superimposed dot denotes a derivative with respect to time. The integrals over
T, as previously, mean the sum of the integrals over Tut. Functionals of the type (2.2)

were first used to prove the instability of solids with fluid-containing cavities in [4].
Using (1.8)-(1.13), we can obtain

M = 2W = 4K — 1) = 8K — 4E. (2.3)

In deriving (2.3), we also used the generalized Green formula [8, p. 192]. It follows from
the Cauchy—Bunyakovskii inequality [16] that M? = 4W? < 8KM. Using (2.3) to exclude 8K from
this expression, we have MM — M? + 4EM 2> 0. After this inequality is divided by M2, it takes
the form

d /]V.I 4E
rz(“ﬁ)>—m‘- (2.4)
For any perturbation with E < 0, it follows from (2.4) that
a (M M W@©) __,
75(74“>>0’ O M (2.5)

after which selection of A > 0 leads to the sought estimate of the increase in perturbation
M(t) > M(0) exp (2A£). (2.6)

The above choice E < 0 and A > 0 is possible by virtue of (2.1) and because the fields £

and u at the initial moment of time are given by the inequality (1.13). In fact, with al-
lowance for (1.10), (2.1), the inequality E < 0 means that the initial data (1.12) is chosen
so that K(0) < [I*|. Then the initial data are used to calculate A = W(0)/M(0). If it
turns out that A < 0, then in (1.12) we need to change the sign of one of the functions
§%°(x) or u®(x) in (1.12) and leave the sign of the other function unchanged. Thus, the con-
struction ensures the existence of initial data corresponding to (2.6) with A > 0. It is
understood that since we are not considering mathematical questions regarding the existence
of solutions, inequality (2.6) has the character of an a priori estimate.

The upper bound of A is evaluated by means of the Cauchy—Bunyakovskii inequality:

A < VIEOMOYM(0) =V ZKQ0)/MO) < V —2I{0)/M{). (2.7)

The last relation in (2.7) arises from the requirement E < 0. To refine estimate (2.7),
it would be useful to examine a class of initial data, narrower than (1.12), that contains
the function §*(x) (2.1) and the constant k:

E(x, 0) = &*(x), u(x, 0) = E;(x, 0) = AE*(x). (2.8)
:For .these data, the conditions E < 0 and A > Q0 take the form

E = BPM0)/2 + 10y <0, k=4 >0,

which in turn leads to

0 <k = A<V =2H(0)/M(0) . (2.9)

It is evident that the interval (2.9) of possible values of the increment A coincides with
estimate (2.7), i.e., the latter gives the exact boundary of the interval of the increments.

The largest increment Apay in (2.7), (2.8) can be calculated by solving the variational
problem of determining the maximum of the quantity A = v=2I/M. The allowable fields §(x)
should satisfy the conditions div& = 0 in 0%, &n= 0 on ot and [§'v] = 0 on I'y. This prob-
lem is not solved here. We will instead restrict ourselves to two particular observations
regarding it.

1. If o = 0 and there is an unstable density discontinuity on Iy (i.e., [polv.y®< 0},
then Apax > <. This means that the problem is ill-conditioned, in accordance with Adamar's
definition. 1In fact, in the ratio 1I/M, the numerator Il contains a velume integral and a
negative surface integral, while the denominator M contains only a volume integral. Choos-
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ing the trial functions §(x) to be rapidly oscillating aleng T, and rapidly decaying with
increasing distance from Iy, we obtain M > 0 at fixed I < 0.

2. If onT, we have 0 = 0, [p,] = 0, then only continuous stratification remains and
it follows from (2.1) and (1.13) that

Aax << max (vpo-v‘I’)/mTin Pos (2.10)

A noteworthy feature of the resulting instability estimate (2.6) is the fact that the
method by which it was obtained is independent of the specific form of potential energy.
For (2.6) to be valid, it is necessary only that perturbations exist with negative energy
(2.1) and that Eq. (2.3) be satisfied. The latter pertains to the family of relations for
the virial and is satisfied for many nondissipative mechanical systems [2, 4, 11, 17]. Such
universality of estimate (2.6) makes it possible, without changing its form, to consider
the rotation of a medium, its compressibility, and other factors. Examples of generaliza-
tions are given below.

3. Instability of a Baroclinic Vortex. We will examine -rotationally symmetric motions
of an incompressible fluid in an axisymmetric vessel t. In the cylindrical coordinate sys-
tem (r, z, 9), the components of the velocity field are (u;, u,, usz). The potential of the
external body forces ¢ = &(r, z). The density field p is continuous. Using the notation
v = (rus)?, ¥ = 1/2r?, we write the equations of motion in the form

Du=——vyp—y®—uy¥, Du=0, Dp=0,
p (3.1)

u G ' a 8
u/lr+"ri+u-zz:09 DE'@_U':‘"{‘U'Vq u:(ul, u'z)! VE(Fa —EZ—)’

these equations being an example of the analogy between the effects of density stratifica-
tion and rotation [13, Ch. 8]. The baroclinic vortex whose stability is being studied is
represented by the exact solution of (3.1} in the form

u="0, p = pr 2), o = polrs 2), p = polry 2), (3.2)

where the fields u,, py, and p, are continuous together with their first derivatives and
are connected by the relation

VPo + PV -+ popiey ¥ = 0. (3.3)

Linearization of (3.1) for the solution (3.2) and introduction of the field of Lagrangian
displacements & (1.11) lead to the problem

. ap
Potbiy + MiEj+ o, = 0,

Bir 4+ —F F B = 0, u; =&y,

in 1, Eny =0 on 91, (3.4)
. _ Y IPglty | D 90,
W T %z, éx, | oz, or

Ry P ——

where all of the vector indices take values of 1 and 2. The matrix my4 is symmetric, which
can be demonstrated after application of the operator rot to (3.3). Tﬁe below energy inte-
gral is valid for (3.4):

E=K +1l=const, 2K=|pguauds, 2M={m,zdr. (3.5)
T T
For the functional M (2.2) (with summation from 1 to 2), we use (3.4) and (3.5) to again
obtain Eq. (2.3). After this, in the presence of perturbations with I < 0, repetition of
the steps in Sec. 2 leads to the required estimate (2.6). Thus, with condition (2.1), baro-

clinic vortex (3.2) is unstable and its perturbations increase exponentially. The estimate
of the increment (2.10) is replaced by

Amax << MAX (— My, — mg)/min Po
T T
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(m, and m, are eigenvalues of the matrix mj3). A practical eriterion of flow instability
(3.2) is negativity of at least one of the numbers m;, m, in any part of r.

The requirement of smoothness of the fields u, and p, (3.2) is not essential. We fol-
low the same procedure as in Sec. 2 in examining bareclinie vortices with discontinuities
[po] # 0 and [p,] # 0 on certain surfaces inside t and in allowing for surface tension. With
condition (2.1) (and the corresponding expression for 1), this approach leads to the same
estimate (2.6).

The problem of the stability of a baroclinic circular vortex in the class of rotationally
symmetrical perturbations was examined previously in connection with applications to atmo-
spheric physics [18-21]. These studies also employed the direct Lyapunov method, while the
functional M (2.2) was introduced in [21]. The overall result in [21] consisted of obtaining
the estimate M > ct" (c being a constant).

4. TInstability of States of Rest of a Compressible Fluid. We will examine three-dimen-
sional adiabatic motions of an ideal compressible fluid located in the region t with the
boundary 3dt. The motions are described by the solutions of the system of equations

Du=——:)—vp—~~v(1), Do+ odivu=0, Ds=0, (4.1)
augmented by the thermodynamic relations

e = elp, s), de = Tds — pd(1/p) (4.2)

and the boundary conditions

n-n = 0 on o1, (4.3)

where s, T, and e are the fields of entropy, temperature, and internal energy. The remain-
ing notation is the same as was used in (1.1) and (1.2). For the solutions of (4.1)-(4.3),
we have the energy integral

u.u

E = p(—lz—i—’re(P, s)—!—(b)dr:const. (4.4)
T

We will study the problem of the stability of hydrostatic equilibrium — the exact solu-
tion of (4.1)-(4.3) of the form

u=20, p=npa), p = Pol®)s 5 = 5(2), (4.5)

in which the equipotential surfaces of p,;, py, S¢, and & coincide with one another. All
of the fields (4.5) and their first derivatives are assumed to be continuous. Linearization
of Eqs. (4.1) for solution (4.5) gives

Py = —Vp — pV®, s, 4 (u-y)s, = 0, (4.6)
Pt + (w-V)p + pp divu = 0

(u, p, p, and s are perturbations of velocity, pressure, density, and entropy). The boun-
dary conditions for (4.6) have the same form as (4.3). Introduction of the field of Lagran-
gian displacements §(x, t) (& = u) leads to the replacement of (4.3) and (4.6) by the re-
lations [11]

Pofit = —vVp —pv®D, s=— (§~v)so,}

p=—@EV)pg—ppdiv

The energy integral for (4.7) is

7, &n=0 on dr. (4.7)

E=K |+ 1l 4+ 4 = const,

) vOvyp yo)\2
o= p@eNidr, Q= > o (22, (4.8)
T
24 Ej‘ pd‘, dv, p==cho + piepss.
T poca

Here, K and N, are taken from (1.10) and (1.13); Q is the buoyancy frequency (Brunt-Vasaila);
c, is the speed of sound. The terms K, I, and A are interpreted as the kinetic, potential,
and acoustic parts of the total energy E of small perturbations [22].
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Stability (4.5), at @2 > 0, c,®> > 0, egg > 0, is also one form of the Lagrangian theo-
rem on the stability of the equilibrium of a mechanical system in the presence of a poten-
tial energy minimum. Direct calculations can show that the first variation of potential
energy from (4.4) for the state (4.5) is equal to zero, while the second variation coincides
with I + A from (4.8).

Now let there be a field of Lagrangian displacements §%(x) for which

M- A4 =T* L A% <0 at'§ = E5(x). (4.9)

In terms of the local properties of equilibrium (4.5), this means that at least one of the
following three inequalities exists in some part of T: Q2 <0, ¢02 < 0, epg < 0. The first
of these inequalities corresponds to unstable stratification, while the last two reflect
certain anomalous properties of the equation of state.

For the functional M (2.2), we use (4.7)-(4.9) to obtain the analog of Eq. (2.3), M =
4(K — 11 — A) = 8K — 4E. We then use (4.9) and repeat the procedures in Sec. 2 to again ob-
tain estimate (2.6).

Application of the restraint of smoothness of the fields po(x) and so(x) is notessential.
Consideration of condition (4.5) with discontinuities [po] # 0 and [sg] # 0 on certain sur-
faces is carried out as in part 2 and leads to evaluation of (2.6). It should be noted that
generalization of the results on the instability of a baroclinic vortex (Sec. 3) to the case
of a compressible fluid also leads to (2.6). The corresponding formulation of the problem
can be found in {20].

5. 1Instability of Elastic Bodies. The Lagrange theorem and its inversion are much
more important in the theory of elasticity than in hydrodynamics. Let us prove the validity
of estimate (2.6) for an elastic body, the linearized equations of motion of which will be
written in the form [23]

90

Ooint = 5—

3
Tn

o o (5.1)
°

Oin = Einimerm, 2€im= ;7;71: ';3;7?—,

where § is the Lagrangian displacement; Ejyyn is the tensor of the elastic moduli. The gen-
eral form of Hooke's law is taken for the relationship between the stress tensor ojx and

strain tensor ejix. The following energy relation is valid for (5.1):

E=K+1], l% = 5 Ei10:amdS,
ot

(5.2}
2K = Y Polubudr, 2Il= 5 Eirimeineimdr,

T T
from which it is evident that, for energy to be conserved, it is sufficient to require on

the boundary of the body 3t that either displacements be absent § = 0 or that perturbations
of the force vector be zero ojpni = 0.

Let property (2.1) be satisfied for I (5.2). Then, by virtue of the adopted boundary
conditions, for the functional (2.2) we again obtain (2.3) and, thus, the estimate (2.6).

It should be noted that an estimate showing that the functional W {2.2) increases linear
ly with time was obtained for elastic bodies in [5, 6, 24].
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DEVELOPMENT OF VISCOSITY INSTABILITY IN A POROUS MEDIUM

0. B. Bocharov and V. V. Kuznetsov UDC 532.546

The interest in the problem of the stability of two-phase flows undergoing filtration
is due mainly to the problem of maximizing the recovery of oil from underground_when water
or other agents which are immiscible with oil are pumped into the reservoir. When the ratio
of the viscosities is large, the displacement of hydrocarbon liquids by water in a porous
medium is essentially an unstable process. Instability of the displacement front leads to
the formation of '"tongues'" of liquid which increase in size over time. The linear analysis
of stability for piston-like displacement performed in [1] shdwed that the increase in the
amplitude of the tongues is exponential in character. In [2], stability within the framework
of a linear approximation was analyzed for the Muskat—Leverett model with allowance for the
erosion of the displacement front due to capillary forces. The growth of tongues after loss
of stability was analyzed numerically without allowance for capillary forces in [3] for uni-
form porous media and in [4] for microscopically nonunlform porous media. A detailed analy-
sis of studies of viscosity instability in pétrous medla was given in [5]. At the same time, there has
been little study of the stage of nonlinear tongue growth with allowance for the two-phase char-
acter of flow behind the displacement front. Here, within the framework of the Baclay-Lever-
ett model, i.e., without allowance for capillary forces, we numerically study the structure
of the flow region behind the displacement front in the unstable regime at the nonlinear
stage of tongue growth.
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